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We prove that the integral cohomology algebra of the moment-angle com- 
plex Zk [1] is isomorphic to the Tor-algebra of the face ring of simplicial 
complex K. The proof relies upon the construction of a cellular approxi- 
mation of the diagonal map A: Zk — » Zk X Zk- Cellular cochains do not 
admit a functorial associative multiplication because a proper cellular diag- 
onal approximation does not exist in general. The construction of moment- 
angle complexes is a functor from the category of simplicial complexes to the 
category of spaces with torus action. We show that in this special case the 
proposed cellular approximation of the diagonal is associative and functorial 
with respect to those maps of moment-angle complexes which are induced 
by simplicial maps. 

The face ring of a complex K on the vertex set [m] = {1,... , m} is 
the graded quotient ring Z[K] = Z[vi,. . . ,f m ]/(f^: u; ^ K) with degWj = 
2 and v u = Vi 1 ---Vi k , where u = . . . Q [m]. Let BT m be the 
classifying space for the m-dimensional torus, endowed with the standard 
cell decomposition. Consider a cellular subcomplex DJ(K) := \J aeK BT a C 
BT m , where BT a = {x = (x x , . . . , x m ) e BT m : x { = pt for i <£ a}. Using 
the cellular decomposition we establish a ring isomorphism H*{DJ{K)) = 
7j[K] (see [2, Lemma 2.8]). Let D 2 C C be the unit disc and set B u := 
{(zi, . . . , z m ) € (D 2 ) m : \zj\ = 1 for j ^ uj}. The moment- angle complex is 
the T m -invariant subspace Zk '■= U CT gx B<* — {D 2 ) m . As it is shown in [1, 
Ch. 6], the spaces DJ(K) and Zk are homotopy equivalent to the spaces 
introduced in [3], which justifies our notation. Complexes Zk provide an 
important class of torus actions. The space Zk is the homotopy fibre of the 
inclusion DJ(K) =— > BT m ; it appears also as the level surface of the moment 
map used in the construction of toric varieties via symplectic reduction; it 
is also homotopy equivalent to the complement of the coordinate subspace 
arrangement determined by K, see [1, §8.2]. 

Theorem 1. There is a functorial in K isomorphism of algebras 

H*(Z K ;Z) * H[A[ Ul ,. . . , u m ] ® Z[K], d] * Tor z[vi _ Vm] (Z[K],Z) , 

where the algebra in the middle is the cohomology of the differential graded 
algebra with degiij = 1, degVi = 2, dui = Vi, dvi = 0. 

In the case of rational coefficients this theorem was proved in [4] using 
spectral sequences techniques (see also [1, Th. 7.6, Probl 8.14]). Our new 
proof uses a construction of cellular cochain algebra. Another proof of The- 
orem 1 follows from a recent independent work of M. Franz [5, Th. 1.2]. 
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Proof of Theorem 1. We prove just the first isomorphism, since the second 
is a standard consequence of the Koszul resolution (see [1] for details). In- 
troduce an extra grading by setting bidegUj = (—1,2), degfj = (0,2), and 
consider a quotient algebra 



Let g: A[ui, . . . ,u m ] (g> Z[K] — > R*{K) be the canonical projection. Using 
the finite additive basis in R*(K) consisting of monomials of the type u w v a , 
where uj C [m], a G K and uj fl a = 0, we define an additive inclusion 
l: R*{K) — > A [ui, ... , u m ] Z[K] which satisfies g ■ i = id. We claim that 
g induces an isomorphism in the cohomology. To see this we construct a 
cochain homotopy operator s such that ds + sd = id —i-g. If K = A 171-1 (the 
full simplex) the algebra A[ui, . . . , u m ] <g> is E = £" m = A[ui, . . . , u m ] 
Z[ui, . . . , v m ], and i?*(Z\ m ~ 1 ) is isomorphic to the algebra R*(A°)® m , where 
R*(A°) = A [it] <8> Z,[v]/(v 2 = uv = 0). A direct calculation shows that for 
m = 1 the map si : i? '* = Z[v] — > i? -1 '* given by si(cto + ai« + • • • + a :) 'i; : ') = 
(a2f + a3f 2 + • • • + ajvi~ l )u is the required cochain homotopy. Then we 
may assume by induction that for m = k — 1 there is a cochain homotopy 
operator Sk-i - E^-i — > -Efc-i- Since = -Bfc-i <8> E\, gk = gk-i <8> f?i and 
tfe = tfe_i (8> ti, the map = s^-i <8>id +tfe_i£»fe_i (8 si is a cochain homotopy 
between id and iugk-, which finishes the proof for K = A m ~ l . In the case 
of arbitrary complex K the algebras A[iti, . . . ,u m ] <S> Z[K] and R*{K) are 
obtained from E rn and R*(A m ~ 1 ) respectively by factoring out a monomial 
ideal. This factorisation does not affect the properties of the operator s, 
which therefore establishes the required cochain homotopy. 

Consider a cellular subdivision of the polydisc (D 2 ) m with each D 2 subdi- 
vided into the cells 1, T and D of dimensions 0, 1 and 2 respectively. There- 
fore, the cells of (D 2 ) m are encoded by words T G {D, T, l} m . Assign to each 
pair of subsets a, uj C [m], aDu; = the word T(a, to) which has the letter D 
on the positions numbered by a and letter T on the positions with numbers 
from u>. By the construction, the word T(a, uj) corresponds to a cell from 
Zk C (D 2 ) m if and only if a € K. The cellular cochain complex C*{Zk) 
has an additive basis consisting of the cochains of the type T(a,uj)*. It fol- 
lows that the dimensions of the graded components of C*(Zk) and R*(K) 
coincide. Moreover, the map g: R*(K) — ► C*(Zk), u u v a i— > T(a,uj)*, is 
an isomorphism of differential graded modules and induces an additive iso- 
morphism H[R*{K)\ = H*{Zk)- To finish the proof we construct a cellular 
approximation Ak of the diagonal map A : Zk — » Zk x Zk such that the 
multiplication induced on the cellular cochains coincides with the multipli- 
cation in R*(K) via the isomorphism g. For K = A we have Zk = D 2 . 
Set z = pe iip G D 2 and define a map A : D 2 -> D 2 x L> 2 by 



This is a cellular map sending dD 2 to 3D 2 x dD 2 and homotopic to A 
in the class of such maps. For the corresponding multiplication in cellular 
cochains there is a multiplicative isomorphism R*(A°) — > C*(D 2 ). Passing 
to the case K = A m ~ l , we see that the map A: (D 2 ) m -» (L> 2 ) m x (D 2 ) m 



R*(K) :=A[u 1 ,...,u m ]®Z[K}/(v 2 



= UiVi = 0, i = 1, . . . ,m). 



A(z) 



(l + /0 ( e «v -1),1) for^G[0,7r], 
(1,1 +p(e 2 ^ - 1)) for 99 G [7r,2vr). 
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gives rise to a multiplicative isomorphism 

/: R*(A m - 1 )=A[u 1 ,...,u m ]^Z[v 1 ,...,v m }/(vf=u i v i = 0) 

— ► C*((D 2 ) m ). 

As it follows from the construction of Zk, the restriction of the map A to Zk 
is a cellular map Ak- Zk — ► Zk x Therefore, there is a multiplicative 
map q : C*((D 2 ) m ) — > C* (.£/£■). Consider the commutative diagram 

J R*(Z\ m ~ 1 ) — ^— ► C*((L> 2 ) m ) 

P 9 

R*(K) — ^ C*(Z X ) 

Using the fact that p, / and q are ring homomorphisms, and p is an epi- 
morphism, we deduce that g is also a ring homomorphism. Thus, g is a 
multiplicative isomorphism. □ 
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